Abstract. This study investigates how to dynamically allocate resources with a given budget for advertising through Web portals using keyword-activated banner ads on the Internet. Identifying the factors that affect the potential number of banner ad clickthroughs in each portal, we show that the process of budget allocation between the two types of portals (generic vs specialized) that leads to the largest banner clicksthrough in the long run is an optimal control problem. Using techniques of dynamic programming, we find analytical solutions for the optimal budgeting decisions. Our analysis shows that an advertiser's optimal portal budgeting depends nonlinearly on the number of visitors who type the same trigger keyword and the average clicksthrough rates, as well as on the advertiser and ad effectiveness. Further, we find that the maximal number of banner clickthroughs from both portals, at time t, depends on the remaining budget until the end of the planning period. The analytical results have useful managerial insight. One of the interesting features of our solution shows that, while a large visitor base may favor the generic portal, other parameters may affect it unfavorably: e.g., lower clickthrough rates of keyword banners from a more heterogeneous audience. Using a specificaction that is consistent with empirical observations, we show that, in the long run, an advertiser must always spend more ad money at the specialized portal.
Introduction
The chilly post dot-com online advertising climate has shifted the industry focus from impression-based performance metrics (CPM) to costper-click metrics (Refs. 1 and 2). A variety of innovative, targeted advertising formats now purport to satisfy the advertisers' increased demand for performance accountability. Among those, keyword ads (including both graphical keyword banners or keyword text links), that get in front of Internet users just as they are hunting for specific type of information, are becoming ever more popular as search-related online advertising revenue jumped from $400 million in 2000 to $1 billion in 2002 (Ref. 3) .
A major promise of keyword ads is that they can satisfy the particular information needs of the largely task-driven web audience (Ref. 4) . As a result, their relevance results often in a higher conversion rate than that of nontargeted or run-of-site banners (Ref. 5) . In general, online advertisers purchase keyword ads at two types of web portals or search engines (Ref. 6): generic portals (e.g., Yahoo.com) that serve the general Internet audience and specialized portals (e.g., theknot.com) that target a more specific audience (e.g., people preparing for a wedding). Generic portals can be valuable for advertisers because of their large visitor base. On the other hand, specialized portals attract a more focused audience and also they tend to grow faster than their generic counterparts (Ref. 7) .
Given the two different types of portals and their distinct appeal to online advertisers, it is important that advertisers understand the relative merits of each media outlet and decide accordingly the budget allocation between the two portals. While similar questions have been studied before in media-scheduling models for traditional advertising (e.g., Refs. 8-10), which typically focuses on reach and frequency measures, the uniqueness of the interactive keyword ads demands a different type of model that can assess adequately the action-based performance metrics of keyword ads. To this end, we build on prior media-scheduling models and go over by proposing a new model that investigates the optimal keyword ad budgeting strategy over time in advertising at the two types of web portals. By identifying the key factors that affect the number of keyword ad clickthroughs, we show that the process of budget allocation that leads to the greatest clickthroughs over time is an optimal control problem. Through dynamic programming, we find analytical solutions that provide quantitative and actionable guidelines for online advertisers setting keyword ad budgets. One of the interesting results of our model shows that, though a large visitor base may favor a generic portal, other factors may affect it unfavorably. Using a specification that is consistent with empirical observations, we show that, in the long run, an advertiser must always spend more ad money at the specialized portal.
Next, we discuss our model formulation and solutions. Then, we illustrate our analytic results by specifications that rely on empirical observations. Finally, we conclude by discussing the managerial implications of our results and directions for future research.
Model, Terminology, and Problem Formulation
We consider an online advertiser that plans to buy keyword ads at a generic web site G and a specialized portal S. The advertiser's ad budget B is fixed during a period T . Let B(T ) be this budget. The advertiser must decide how much of the ad budget is to be allocated to G and S over time to yield the greatest keyword ad clickthroughs 3 during this time period. This performance yardstick is appropriate, because it is a commonly used criterion for evaluating keyword ad performance and also because this action-based metrics encapsulates the interactive nature of online advertising (Refs. 11 and 12).
Let n G (t) and n S (t) be the total number of visits to portals G and S, respectively, at time t. In reality, n G (t) and n S (t) can be measured in real time by using a combination of sophisticated traffic monitoring software tools such as WebTrends (Ref. 13) .
Let k G (t) and k S (t) be the fractions of the corresponding users that type the trigger search keyword at time t. We assume that the portion of portal visitors that type the same trigger keyword at a specialized portal is higher than that at the generic portal, so
The justification of this assumption rests on the unique content offered by specialized portals and their concomitant unique user bases with very specific search interests. Let x G (t) and x S (t) be the average clickthrough rates for keyword ads at time t on each portal. Then, the potential number of clickthroughs at time t at each portal will be
Let A G (t) and A S (t) be the allocated advertising budgets at time t for G and S, respectively. We assume that the dollars spent on the advertising budget can be transformed into advertising efforts that can turn potential keyword ad clickthroughs into (actual) keyword ad clickthroughs. Let u G (t) and u S (t) denote the corresponding advertising efforts. Moreover, we assume that the advertising effort is a concave function of the advertising budget. This assumption captures the diminishing return of advertising expenditures. For simplicity, let
where m > 1. The parameter 1/m represents the advertising elasticity, in the sense of the percentage increase in the advertising effort to an increase of one percent in the advertising expenditure. 4 This parameter can be determined empirically or decided based on managerial judgment. For traditional advertising, previous studies (cf. Ref. 14) have assumed m = 2. Next, we show that the advertiser problem of allocating a fixed online advertising budget between G and S so as to maximize the total keyword ad clickthroughs for a planning period can be formulated as an optimal control problem.
Let ρ G > 0 and ρ S > 0 be each portal's effectiveness in converting potential clickthroughs into actual keyword ad clickthroughs. These parameters can be called also as the advertising effort coefficients. Particularly, these parameters gauge the portals' effectiveness in the whole keyword ad administration process (see e.g., Ref. 15) , from interpreting the search keyword correctly, locating corresponding banner matches from its ad inventory, to displaying the matching banner in real time.
Let N be the total number of keyword ad clickthroughs from portals G and S during the planning period T . In other words, N represents the total number of users who actually respond to the portal keyword advertising effort, click the keyword ad, and subsequently link to the advertiser site. Then, 5
where r is the discount rate. The advertiser's goal is to maximize N while influencing the keyword ad clickthroughs with a judicious choice of u G (t) and u S (t). Let the optimal policy be the pair (u * G , u * S ). This optimal policy must be a solution to 4 Indeed, considering (1c), it is easy to see that (du/u)/(dA/A) = 1/m. 5 In this formulation, we assume that the factors that specify K G and K S are deterministic. If some of the factors are unknown and the advertiser knows only the relevant distribution, the formulation in Equation (2) should be exchanged with
, where E is the expectation operator.
the following mathematical (optimal control) problem:
s.t.
In the control theory framework, B is a state variable, u G and u S are control variables. The integral state equation in (3b) can be written as the following differential equation:
with the boundary conditions
Therefore, the problem in (3) is equivalent to
Optimal Keyword Ad Budgeting
We solve the above problem (6) using dynamic programming; see for example Ref. 16 . Define the optimal value function N(t 0 , B 0 ), where B 0 = B(t 0 ) is the largest number of keyword ad clickthroughs that can be obtained starting at time t 0 . This function is defined for all 0 ≤ t o ≤ T and for any feasible budget state B 0 . Thus,
The number N(t 0 , B 0 ) indicates the optimal number of clickthroughs when the time to go (i.e., the time remaining from t 0 to T ) is T − t 0 . In particular, when the time to go is zero,
N(T , B(T ))
that is, zero clickthroughs. Using the concept of value function, we derive the following result.
Theorem 3.1. The advertising budget allocations that maximize the total number of keyword ad clickthroughs from both the generic and specialized portal depend nonlinearly on the time t and advertising budget B at time t as follows:
Proof. See Appendix, 6 Section 7.
The analytical results given by Equations (9) of Theorem 3.1 are the optimal decision rules of allocating the total budget B(T ) between the portals G and S over time, given the potential number of clickthroughs K G (t), K S (t), the advertisers advertising elasticity m, the portals advertising effectiveness ρ G , ρ S , and the remaining budget at time t, namely, 
Proof. See the Appendix, Section 7. 6 In the stochastic case (see Footnote 5), the formulation in (7) becomes
In Equations (9), K G and K S should be exchanged withK G andK S , namely, the expectations of the potential number of banner clickthroughs. Theorem 3.2 prescribes the upper limit of total keyword ad clickthroughs from both portals, which depends on the potential number of clickthroughs K G (t), K S (t), the advertisers advertising elasticity m, the portals advertising effectiveness ρ G , ρ S , and the remaining budget at time t, B(T ) − B.
From our analytical results, we can obtain a measure of the advertiser budget allocation preference through examining the ratio of keyword ad budget assigned to the generic and specialized portals. The analytic results can be used also to estimate our model parameters. To see this, considering again Equation (9); we find that
Equation (10) will be discussed further in the next two sections.
Model Parameter Estimation.
Equation (10), together with a discrete-time version of the state equation (4), form a simultaneous system of nonlinear equations. To estimate the system of equations (4) and (10), full-information maximum likelihood, the asymptotically efficient estimation for simultaneous models, can be used. Historical or benchmark (e.g., on similar generic or specialized portals) data on keyword ads performance may be used in this process (for more details of such an empirical application, for traditional advertising, see Ref. 17).
General Orientation of a Firm Online Advertising Budget Allocations.
Taking the derivative of Equation (10) with respect to time, we conclude with the following proposition. Proposition 3.1. Over time, an advertiser should increase (decrease) the ratio of budget allocation between generic and specialized portals if and only if the percentage change in potential number of clickthroughs at the generic portal is higher (lower) than that of the specialized portal.
Proof. See the Appendix, Section 7.
This proposition states that the optimal decision rule for the advertiser is to shift more ad budget to the specialized illustration. Therefore, online advertisers should examine the percentage change of potential ad clickthroughs at each portal rather than the absolute number of potential ad clickthroughs.
Taking the derivative of A G /A V with respect to the factors on the righthand side of Equation (10), we conclude with the following proposition. 
The ratio of the generic to specialized portal visits n G (t)/n S (t) is nondecreasing [nonincreasing] when the other factors are fixed.
(ii) These results can be used as decision rules for advertisers that have developed a particular relationship with one type of portal and intend to maintain this relationship by not shifting ad money away to a different type of portal without such a relationship. For example, GE (parent company of msnbc.com) should consider shifting more ad money to appliances.com (a specialized portal on appliances) from msnbc.com (a generic portal) only if it determines that the ratio of the percentage of visitors who type "GE Dishwashers" as a keyword search at msnbc.com versus that at appliances.com is declining when the other factors are fixed.
Considering Equation (10) and Assumption 1a, we conclude with the following proposition. Proposition 3.3. An advertiser might favor a specialized portal for displaying keyword ads and invest a larger portion of its budget in the specialized portal, even if the total number of visits, average clickthrough rates, and effectiveness of advertising effort are greater at the generic portal. Proposition 3.3 presents a seemingly unintuitive finding that an online advertiser, under certain conditions, may still find it optimal to allocate more ad budget to the specialized portal despite the generic portal large banner visitor base, higher average banner clickthrough rate, and the advertisers more effective advertising effort there (for illustration, see Figure 2 ). In fact, this ostensibly surprising scenario shall occur if the specialized portal has a higher focused audience, while the generic portal has a highly diverse visitor base [i.e., k G (t)/k S (t) is extremely low]. Thus, online advertisers should weight in all factors in deciding the optimal budget allocation between the two types of portals, rather than fixating on a single factor (e.g., the sheer visit volume of visitors).
Illustrative Example: Real World Scenario
To obtain additional insights into the optimal policy of the keyword advertiser, we illustrate our analytic results, using a specification that results from real data collected on the relevant variables. Fig. 2 . Advertiser preference for a specialized portal, despite greater total number of visits, average clickthrough rates, and effectiveness of advertising efforts at a generic portal.
Description of Data.
Data on the number of monthly visitors to five web portals [three generic portals (Yahoo, AOL, MSN) and two specialized portals (CNET, iVillage)] were provided by Nielsen/NetRatings. Using the curve estimation method provided in SPSS 11.0, we estimated the shapes of the growth curve of visitors to the five portals. After experimenting with various response curve shapes (linear, logarithmic, exponential, and growth) and examining the fit index (adjusted R-square values), we concluded that the following specifications best describe the growth pattern of the visitor bases of a generic portal and a specialized portal over time:
The estimated parameter values for three generic and two specialized portals are a G = 26, 000, 000, b G = 1, 129, 595, a S = 3, 109, 281, b S = 0.0358.
These specifications are consistent with previous studies that have monitored current and projected numbers of Internet users (e.g., Ref. 18 ). However, caution should be taken in extrapolating the functional forms into future periods as the growth pattern of Internet users may change overtime. In addition, advertisers should discover and use the proper functional forms for visitor growth curves at both types of portals when implementing their optimal banner budgeting strategies. Data on the search frequencies of Internet search keywords were complied from data provided by Keywordcity (www.keywordcity.com). In the Computers and Internet category, there were a total of 2714 requests for search keywords; in all categories, there were a total of 9711 requests for various search keywords. Using the assumption that the specialized portal CNET includes only search keywords in the Computers and Internet category and that the generic portal Yahoo includes all genres of search keywords, we estimated the percentage of people at a generic portal that typed a trigger keyword in the technology category (i.e., k G ) as only 28% (i.e., 2714/9711) of the same percentage at a specialized portal (k s ). Therefore, in our empirical illustration, we set the percentage of users that type a particular search keyword in the Computers & Internet category at a computer technology portal (such as CNET) as k S = 3% and the percentage of users that type the same search keyword at a generic portal (such as Yahoo) as k G = 1% (or roughly 1/3 that of the specific portal).
The average keyword banner clickthrough rate at the generic portal x G was set to 1.5%. This percentage was chosen because ordinary banner clickthroughs rates presently hover around 3%, and keyword ads have been shown to be five times more effective (Ref. 19) . Nonetheless, because more sophisticated users (Ref. 20) at specialized portals may pay less attention to banners (e.g., Ref. 21), we decreased the average clickthroughs rate at the specialized portal x s to only 0.75%.
The parameter m was set to 2, ρ G was set to 0.4, and ρ G was set to 0.3 in our illustration. The unequal effectiveness parameters were more realistic.
Empirical
Illustration. Using the specification described above, we calculated the optimal ratio of keyword banner budgeting for a generic versus a specialized portal, as well the percentage change in the potential number of keyword ad clickthroughs at both portals. The results appear in Figure 1 . As was expected (Proposition 3.1), if the percentage change in the potential number of clickthroughs at a generic portal is less than that of the specialized portal (Fig. 1b) , the ratio of budget allocation between the generic and the specialized portal decreases (Fig. 2a for k G /k S =1/3). Thus, the optimal strategy for the advertiser is to allocate more of the keyword ad budget to the generic portal initially, but subsequently, at approximately t = 100, shift more ad money to the specialized portal (Fig. 1a) .
To illustrate the impact of the various factors that affect the advertiser strategic decision about budgeting, we further explored two scenarios: (S1) Increase the ratio k G /k S from 1/3 to 2/3 and keep all other parameters the same.
(S2) Decrease the ratio k G /k S from 1/3 to 1/6 and keep all other parameters the same.
The effects of these changes are displayed in Figure 1a . As expected (Proposition 3.2, Part 1), when there are many fewer specialized portal visitors typing the trigger keyword (Scenario 1), the advertiser should continue to allocate more budget to the generic portal but shift more ad money to the specialized portal when t reaches 125. However, if many more specialized portal visitors type the trigger keyword (Scenario 2), the advertiser should shift more ad money to the specialized portal much sooner, at about t = 75, and maintain the specialized portal-oriented strategy until the end of the planning period. Similar results emerge when the other factors (total portal visitor base, average clickthrough rates) that influence strategic orientation increase or decrease, as in Proposition 3.2.
To illustrate Proposition 3.3, we increase the fraction of visitors that type the trigger keyword at this portal from 3% to 23% but keep all other parameters the same (i.e., Yahoo still has a larger user base, enjoys a higher average clickthrough rate, and boasts higher advertising effort effectiveness). The result is displayed in Figure 2a . Even though most parameters in an advertiser decision calculus may seem to favor the generic portal, which may have a bigger visitor base during the initial period (see Fig. 2b , t from 0 to 110), the advertiser may still find it optimal to spend more on the specialized portal. This strategy can be justified when the specialized portal enjoys a much more focused audience (i.e., 23% of the specialized portal audience will type the trigger keyword versus 1% at the generic portal).
Long-Run Strategic Portal Budgeting Choice.
For the specifications considered in this section, we have the following result. 
then in the long-run the advertiser is always specialized-oriented 7 , that is, it favors the specialized portal.
Proof. See Appendix, Section 7.
Proposition 4.1 affords an interesting finding that may not sound very intuitive at first. Essentially, it stipulates that, in a steady state, the advertiser should allocate more of its budget to the specialized portal as long as the rate of growth of total visitors to the specialized portal is greater than that of the generic portal. Therefore, for an advertiser who takes a longer planning horizon, a specialized portal could be a promising place to allocate more keyword banner budgets if it maintains a faster growth of its user base.
Managerial Implications
Our modeling results provide quantitative guidelines for online advertisers that are setting keyword ad budgets. For example, we establish that the optimal amount to spend on keyword ads is based on the number of portal visitors who type trigger keywords, the average clickthrough rates, the advertising elasticity and effectiveness. If the advertiser can obtain actual or approximate measures of these variables (e.g., through analyzing historical data and tracking real-time visit data), a clear budgeting recommendation can be made without the costly trail-and-error process. Clearly, specialized portals should maintain their competitive advantage and avoid costly competition with the generic portals on the sheer number of total visitors. They should continue to hone their skills at developing and serving their niche audiences by providing deep contents, personalized relationships, and unique editorial contents (e.g., CNET Reviews).
Generic portals can evaluate and select one of two strategies. First, they could flex their muscles to obtain a bigger slice of the advertising pie for particular keyword ads when the competing specialized portal is much smaller in its total user base. For instance, if the only portal site for preschool learning is small, then an advertiser may well assume that the large number of total visitors at the generic portal may compensate for the small site lack of focus on the desired audience. Even in that case, in the long run the advertiser still may favor the specialization of contents in specialized portals, as discussed in Proposition 4.1. Second, if the specialized portal size is closer to the total visitor base of the generic portal (e.g., CNET) or the percentage of visitors to the generic site that type the trigger keyword is very small, the generic portal may have to reposition itself as a viable outlet for finding specific information by setting up special zones within its site (e.g., Yahoo Computing).
Conclusions and Directions for Future Research
Using an optimal control modeling approach, we have developed a dynamic decision model in the online advertising setting that captures the distinctive features of the online advertising media (i.e., tractability and targetability), the specific mechanism of ad display (activated by a user keyword search), the dynamic nature of the new media, and lastly the action-based performance criterion (i.e., the actual number of keyword ad clicksthrough).
We pinpointed factors such as the number of visits, percentage of trigger keyword usage among visitors, average clickthrough rates of keyword banners, remaining budget, advertiser and portal advertising effectiveness as key variables and parameters for banner budget allocation over time. Furthermore, we provide a quantitative assessment of the total possible banner clicks under the optimal strategic budget allocation between the two types of portals. This study contributes in a variety of ways to a better understanding of the complexities of dynamic Internet advertising. To our knowledge, this is the first attempt to develop optimal budgeting rule over time for online advertising through formal mathematical modeling. Also, it contributes to the methodology of management science through the development and specification of an optimal control model for an important real-world decision in the e-commerce setting. Lastly, it provides vital managerial insight for online advertisers that purchase keyword ads at generic and specialized web portals, a practice that is gaining momentum each day (Ref. 3) .
Although the model is comprehensive, there are certain issues that should be explored in future studies. First, the type of visitors attracted by the two types of portals may be qualitatively different. As a result, depending on the objective of the advertiser (i.e., attracting new novice customers or accessing experienced users), the relative clickthrough rates may have different valuations for different advertisers. Second, the model can be expanded to include the interactions among various portals and advertisers, which would be a more realistic scenario. Furthermore, the current model may be expanded to include other performance metrics such as CPM exposure (e.g., Ref. 22) . Therefore, further research should explore the impact of using multiple types of performance metrics on budgeting decisions over time.
Appendix: Proofs
Proof of Theorem 3.1. The Hamilton-Jacobi-Bellman equation for this problem (see Equation (7) (13) and the boundary condition is as in Equation (8).
Differentiating (13) 
Substituting (14) into (13), we get the following partial differential equation (PDE): 
To solve the PDE (15) with the boundary condition in Equation (8) 
where f is as in (16) . The function in (17) satisfies the boundary condition (8); furthermore,
N(t, B = B(T )) = 0, ∀t ∈ (0, T ),
reflecting the fact that, when the cumulative spending reaches the total budget B(T ) at any time t, there is no longer any resource left to achieve additional clickthroughs. The optimal control advertising budget allocation is now determined from (14) 
The theorem now follows by substituting (16) 
The theorem follows by substituting (16) .
Proof of Proposition 3.1. Taking the derivative of Equation (10), we find
(d/dt)(A G /A S ) = [m/(m − 1)](A G /A S ) ×(K G (t)/K G (t) − K S (t)/K S (t)). (20)
Proof of Proposition 4. 
